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1. Introduction
In [5], the authors studied differential invariants of generic convex plane curves under the action of the equi-aﬃne group
on the plane R2, as an application of the singularity theory applied to equi-aﬃne invariant functions. The equi-aﬃne group
is the special linear group SL(2,R) combined with the group of translations of the plane. Differential geometry in which
the underlying transformations are the equi-aﬃne group is called equi-aﬃne differential geometry. In [5] an appropriate equi-
aﬃne distance function and an equi-aﬃne height function are deﬁned for convex plane curves. Using these, the classical
notions of equi-aﬃne vertex and inﬂexion, and the singularities of the classical equi-aﬃne evolute and the equi-aﬃne
normal curve can be related to the singularities of families of functions. This follows the philosophy of René Thom.
In the present article, we study the case of a curve in the plane R2, on which acts the special linear group SL(2,R).
The differential geometry which we study, invariant to the action of SL(2,R), is called equi-centro-aﬃne differential geometry.
The situation of equi-centro-aﬃne differential geometry is quite different from that of equi-aﬃne differential geometry. For
example, in equi-aﬃne differential geometry, we cannot allow our curve to have an inﬂexion in the Euclidean sense. But
inﬂexions are allowed in equi-centro-aﬃne differential geometry: they correspond to the vanishing of an equi-centro-aﬃne
invariant, which is called the equi-centro-aﬃne curvature of a plane curve.
In the equi-centro-aﬃne case the pre-evolute has a natural deﬁnition analogous to that of the equi-aﬃne evolute. Thus
the main result gives the relationship between singularities of the equi-centro-aﬃne pre-evolute and the equi-centro-aﬃne
curvature; see Theorem 2.5 in Section 2. The proof of Theorem 2.5 is given in Sections 3 and 4. The basic techniques we
use in this paper depend on [2] and [3].
All curves and maps considered here are of class C∞ unless stated otherwise.
2. Basic notions
In this section we present basic concepts of the equi-centro-aﬃne differential geometry of planar curves. From now on,
‘equi-centro-aﬃne’ will usually be abbreviated to ‘ec’. For more details on classical results, see [7].
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and b = (b1,b2) is given by the determinant |a b| = a1b2 − a2b1. We ﬁx such coordinates in this paper.
Let γ : I −→R2 be a smooth regular curve where I is an open interval in R. We shall assume that the given curve γ (t)
satisﬁes the condition∣∣γ (t) γ˙ (t)∣∣ = 0 (2.1)
for any t ∈ I , where γ˙ (t) = dγdt (t). This condition means that the curve γ has no tangent line through the origin, that is
parallel to the position vector γ (t). If a curve γ satisﬁes the condition (2.1), we say that the curve γ is non-degenerate.
The ec arc-length of a non-degenerate curve γ , measured from γ (t0), is
s(t) =
t∫
t0
∣∣γ (μ) γ˙ (μ)∣∣dμ,
where t0 ∈ I . Then the parameter s is determined such that |γ (s) γ ′(s)| = 1, where γ ′(s) = dγds (s). So we say that a non-
degenerate curve γ is parametrized by ec arc-length if it satisﬁes |γ (s) γ ′(s)| = 1.
By similar arguments to those of Euclidean differential geometry, we have the following Frenet–Serret type formula:
γ ′′(s) = −κ(s)γ (s),
where
κ(s) = ∣∣γ ′(s) γ ′′(s)∣∣
is called the ec curvature of γ .
We brieﬂy review some properties of the ec curvature of a non-degenerate curve. For a non-degenerate curves γ (t)
parametrized by an arbitrary parameter t , we obtain its ec curvature: κ(t) = |γ˙ (t) γ¨ (t)|/|γ (t) γ˙ (t)|3.
Let us consider the special case where the ec curvature is a constant function. Then we have the following proposition
which is classically known (see [7]).
Proposition 2.1. Let γ : I −→R2 be a non-degenerate curve. If γ has constant ec curvature, then γ is a straight line or a central conic
whose centre is the origin.
κ = 0 for a straight line, κ > 0 for an ellipse whose centre is the origin and κ < 0 for a hyperbola whose centre is the origin.
The above proposition shows an analogy between ec curvature and Euclidean curvature of plane curves. The only differ-
ence is that circles are now replaced by central conics whose centre is the origin This leads us to consider the notion of
osculating central conics of a curve.
Recall that a conic also has a constant equi-aﬃne curvature. The equi-aﬃne curvature of the curve γ with
|γ˙ (t) γ¨ (t)| = 0 is deﬁned by |γ ′′(σ ) γ ′′′(σ )|, where γ ′(σ ) = dγdσ (σ ). The parameter σ is determined such that|γ ′(σ ) γ ′′(σ )| = 1 (see [1,7]). In particular, the equi-aﬃne curvature of a parabola is constant and equal to 0. But the
ec curvature of a parabola is not constant. If we give a parabola γ (t) = (t,at2 + bt + c) (a,b, c ∈R, a = 0), then we have its
ec curvature κ(t) = 2a/(at2 − c)3. Therefore a parabola has non-constant ec curvature. (Its centre isn’t at the origin anyway,
but at ∞.)
When we consider the relationship between contact with a curve and the ec curvature, we have the following proposi-
tion.
Proposition 2.2.
(1) γ has at least 3-point contact with a straight line at s0 if and only if κ(s0) = 0.
(2) γ has at least 4-point contact with a central conic whose centre is the origin at s0 if and only if κ ′(s0) = 0.
If γ has 3-point contact with a straight line at s0, then the point γ (s0) is an ordinary inﬂexion in the Euclidean sense.
So a zero of the ec curvature corresponds to an inﬂexion of γ at s0. Non-degenerate curves have the following proper-
ties.
Proposition 2.3. ([2]) An open dense set of non-degenerate curves γ : S1 −→R2 have only ﬁnitely many ordinary inﬂexions, and no
higher inﬂexions. Thus these properties are generic.
On the other hand, if γ has 4-point contact with a circle at s0, then we call γ (s0) an ordinary vertex in the Euclidean
sense. So we call a point γ (s0) where γ has 4-point contact with a central conic whose centre is the origin at s0 an ordinary
ec vertex. Non-degenerate curves have the following properties.
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Proposition 2.4. An open dense set of non-degenerate curves γ : S1 −→ R2 have only ﬁnitely many ordinary ec vertices, and no
higher ec vertices. Thus these properties are generic.
For a non-degenerate curve γ with κ(s) = 0, we now consider the curve e(s) = Γ (s) + γ ′(s)/κ(s), where Γ (s) =∫ s
s1
γ (μ)dμ and s1 ∈ I . We call the curve Γ the pre-curve of γ and the curve e the aﬃne pre-evolute of γ . From the for-
mula e′(s) = −γ ′(s)κ ′(s)/κ2(s), the e(s) is a regular curve except for those values of s0 where κ ′(s0) = 0.
We assume that γ has the properties of Propositions 2.3 and 2.4. The main result in this paper is the following theorem.
Theorem 2.5. Let γ : I −→R2 be a non-degenerate curve. Then:
(1) Let p be a point of the aﬃne pre-evolute of γ at s0 , then locally at p, the aﬃne pre-evolute of γ is
(a) diffeomorphic to a line in R2 if the point γ (s0) is not an ordinary ec vertex;
(b) diffeomorphic to an ordinary cusp in R2 if the point γ (s0) is an ordinary ec vertex.
(2) Let p be a point of the curve t(s) = γ ′(s) at s0 , then locally at p, the curve t(s) is
(a) diffeomorphic to a line in R2 if the point γ (s0) is not an ordinary inﬂexion;
(b) diffeomorphic to an ordinary cusp in R2 if the point γ (s0) is an ordinary inﬂexion.
As usual, the ordinary cusp is deﬁned by {(x1, x2) ∈R2 | x21 = x32}.
Example 2.6. The situation described in Theorem 2.5 is depicted as follows (Fig. 1). We consider the curve γ (t) =
((3/
√
2 ) cos t − √2 sin t + 1, (3/√2 ) cos t + √2 sin t). The real line is the aﬃne pre-evolute of γ and the dotted line is
the curve γ . Then we can ﬁnd two ordinary cusps on the aﬃne pre-evolute of γ . So the curve γ has two ordinary ec ver-
tices.
Here we consider the equi-centro-aﬃne vertex theorem. The four vertex theorem in the Euclidean case [4] and the six
vertex theorem in the equi-aﬃne case [1] are well known. From Example 2.6, we can describe the vertex theorem in the
equi-centro-aﬃne case as follows.
Proposition 2.7. Any simple closed convex curve has at least two ec vertices.
3. Equi-centro-aﬃne invariant functions
In this section we introduce two kinds of families of equi-centro-aﬃne invariant functions on a non-degenerate plane
curve which are useful for the study of the equi-centro-aﬃne differential geometric properties of the curve.
3.1. Equi-centro-aﬃne distance functions
Let γ : I −→R2 be a non-degenerate curve. We now deﬁne a two parameter family of smooth functions on I ,
D : I ×R2 −→R
by
D(s, v) = ∣∣v − Γ (s) γ (s)∣∣,
where Γ (s) = ∫ ss1 γ (μ)dμ and s1 ∈ I . We call D the (ec) distance functions on γ . Differentiating D(s, v) with respect to s,
we have the following:
P.J. Giblin, T. Sano / Topology and its Applications 159 (2012) 476–483 479d′v(s) =
∣∣v − Γ (s) γ ′(s)∣∣, (3.1)
d′′v(s) = −κ(s)
∣∣v − Γ (s) γ (s)∣∣− 1, (3.2)
d′′′v (s) = −κ ′(s)
∣∣v − Γ (s) γ (s)∣∣− κ(s)∣∣v − Γ (s) γ ′(s)∣∣, (3.3)
d(4)v (s) =
(
κ2(s) − κ ′′(s))∣∣v − Γ (s) γ (s)∣∣− 2κ ′(s)∣∣v − Γ (s) γ ′(s)∣∣+ κ(s), (3.4)
where dv(s) = D(s, v) for any v ∈R2.
These formulae imply the following proposition.
Proposition 3.1. Let γ : I −→R2 be a non-degenerate curve. Then:
(1) d′v(s0) = 0 if and only if there exists λ ∈R such that v − Γ (s0) = λγ ′(s0).
(2) d′v(s0) = d′′v (s0) = 0 if and only if κ(s0) = 0 and v = Γ (s0) + γ ′(s0)/κ(s0).
(3) d′v(s0) = d′′v (s0) = d′′′v (s0) = 0 if and only if κ(s0) = 0, v = Γ (s0) + γ ′(s0)/κ(s0) and κ ′(s0) = 0.
(4) d′v(s0) = d′′v (s0) = d′′′v (s0) = d(4)v (s0) = 0 if and only if κ(s0) = 0, v = Γ (s0) + γ ′(s0)/κ(s0) and κ ′(s0) = κ ′′(s0) = 0.
Proof. (1) By the formula (3.1), d′v(s0) = 0 if and only if γ ′(s0) and Γ (s0) − v are parallel.
(2) It follows from the formula (3.2) that d′′v(s0) = 0 if and only if κ(s0)|γ (s0) v−Γ (s0)| = 1, so that d′v(s0) = d′′v(s0) = 0
if and only if λκ(s0) = 1, because of (1). The last condition is equivalent to the condition that κ(s0) = 0 and λ = 1/κ(s0).
(3) It follows from (2) and the formula (3.3) that d′′′v (s0) = −κ ′(s0)|γ ′(s0)/κ(s0) γ (s0)| = κ ′(s0)/κ(s0). We assert that
d′v(s0) = d′′v(s0) = d′′′v (s0) = 0 if and only if κ(s0) = 0, v = Γ (s0) + γ ′(s0)/κ(s0) and κ ′(s0)/κ(s0) = 0. The last condition is
equivalent to the condition that κ ′(s0) = 0.
(4) Under the condition (3), the formula (3.4) is equivalent to the following:
d(4)v (s0) =
(
κ2(s0) − κ ′′(s0)
)∣∣γ ′(s0)/κ(s0) γ (s0)∣∣+ κ(s0) = κ ′′(s0)/κ(s0).
We also assert that d′v (s0) = d′′v(s0) = d′′′v (s0) = d(4)v (s0) = 0 if and only if κ(s0) = 0, v = Γ (s0)+γ ′(s0)/κ(s0), κ ′(s0) = 0 and
κ ′′(s0)/κ(s0) = 0. The last condition is equivalent to κ ′′(s0) = 0. 
3.2. Equi-centro-aﬃne height functions
Let S1 be the unit circle in R2 given by S1 = {(x1, x2) ∈ R2 | x21 + x22 = 1}. We also deﬁne a family of smooth functions
on γ parametrized by S1,
H : I × S1 −→R
by
H(s,u) = ∣∣γ (s) u∣∣.
We call H the (ec) height functions on γ .
Differentiating H(s,u) with respect to s, we have the following:
h′u(s) =
∣∣γ ′(s) u∣∣, (3.5)
h′′u(s) = −κ(s)
∣∣γ (s) u∣∣, (3.6)
h′′′u (s) = −κ ′(s)
∣∣γ (s) u∣∣− κ(s)∣∣γ ′(s) u∣∣, (3.7)
where hu(s) = H(s,u) for any u ∈ S1.
These formulae imply the following proposition.
Proposition 3.2. Let γ : I −→R2 be a non-degenerate curve. Then:
(1) h′u(s0) = 0 if and only if there exists λ ∈R such that u = λγ ′(s0) and λ = 0.
(2) h′u(s0) = h′′u(s0) = 0 if and only if there exists λ ∈R such that u = λγ ′(s0), λ = 0 and κ(s0) = 0.
(3) h′u(s0) = h′′u(s0) = h′′′u (s0) = 0 if and only if there exists λ ∈R such that u = λγ ′(s0), λ = 0 and κ(s0) = κ ′(s0) = 0.
Proof. (1) By the formula (3.5), h′u(s0) = 0 if and only if γ ′(s0) and u are parallel. So there exists λ ∈R such that u = λγ ′(s0)
and λ = 0.
(2) It follows from (1) and the formula (3.6) that h′′u(s0) = −κ(s0)|γ (s0) λγ ′(s0)| = −κ(s0)λ. We assert that h′u(s0) =
h′′u(s0) = 0 if and only if there exists λ ∈ R such that u = λγ ′(s0), λ = 0 and −κ(s0)λ = 0. The last condition implies that
κ(s0) = 0.
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h′u(s0) = h′′u(s0) = h′′′u (s0) = 0 if and only if there exists λ ∈R such that u = λγ ′(s0), λ = 0, κ(s0) = 0 and −κ ′(s0)λ = 0. The
last condition implies that κ ′(s0) = 0. 
We remark that λ(s) = ±1/
√
(x′1(s))2 + (x′2(s))2, where γ (s) = (x1(s), x2(s)).
3.3. Unfoldings of functions of one-variable
We use some general results on the singularity theory for families of functions germs. Detailed descriptions are found in
the book [2].
Let F : (R×Rr, (t0, x0)) −→R be a functions germ. We call F an r-parameter unfolding of f (t) = F (t, x0).
We say that f (t) has an Ak-singularity at t0 if f (p)(t0) = 0 for all p (1 p  k), and f (k+1)(t0) = 0. In this case, we adopt
the following deﬁnition. Let
jk−1
(
∂ F
∂xi
(t, x0)
)
(t0) =
k−1∑
j=1
α jit
j
for i = 1, . . . , r, where jk−1 denotes the (k − 1)-jet. We say that F is the inﬁnitesimally (p)versal (respectively, the inﬁnites-
imally versal) if the (k − 1) × r (respectively, k × r) matrix of coeﬃcients (α ji) (respectively, (α0i,α ji)) has rank k − 1
(respectively, k).
There are two important sets related to the above two notions. The bifurcation set of F is the set
BF =
{
x ∈Rr ∣∣ there exists t with ∂ F
∂t
(t, x) = ∂
2F
∂t2
(t, x) = 0
}
and the discriminant set of F is the set
DF =
{
x ∈Rr ∣∣ there exists t with F (t, x) = ∂ F
∂t
(t, x) = 0
}
.
The proof of the main theorem is based on the following result.
Proposition 3.3. ([2]) Let F : (R×Rr, (t0, x0)) −→R be an r-parameter unfolding of f (t) which has the Ak-singularity at t0 .
(1) Suppose that F is an inﬁnitesimally (p)versal unfolding.
(a) If k = 2, thenBF is diffeomorphic to {0} ×Rr−1 .
(b) If k = 3, thenBF is diffeomorphic to C ×Rr−2 .
(2) Suppose that F is an inﬁnitesimally versal unfolding.
(a) If k = 1, thenDF is diffeomorphic to {0} ×Rr−1 .
(b) If k = 2, thenDF is diffeomorphic to C ×Rr−2 .
Proposition 3.4. If dv0 has the Ak-singularity (k = 1,2) at s0 , then D is the inﬁnitesimally (p)versal unfolding of dv0 .
Proof. We consider the distance function D(s, v) = |v −Γ (s) γ (s)|. Using the results of Proposition 3.1, the bifurcation set
of D is
BD =
{
Γ (s) + 1
κ(s)
γ ′(s) ∈R2 ∣∣ s ∈ I}.
BD is precisely the aﬃne pre-evolute of γ .
Now D(s, v) = (v1 − X1(s))x2(s) − (v2 − X2(s))x1(s), where γ (s) = (x1(s), x2(s)), Γ (s) = (X1(s), X2(s)) and v = (v1, v2),
so that we should like to show that D(s, v) is an inﬁnitesimally (p)versal unfolding of d(s) = D(s, v0) for k = 2, 3. Here,
∂D
∂v1
(s, v) = x2(s); j2
(
∂D
∂v1
(s, v0)
)
(s0) = x′2(s0)s +
1
2
x′′2(s0)s2,
∂D
∂v2
(s, v) = −x1(s); j2
(
∂D
∂v2
(s, v0)
)
(s0) = −x′1(s0)s −
1
2
x′′1(s0)s2.
The condition for an inﬁnitesimally (p)versal unfolding is as follows:
(1) When d has A2-singularity at s0, we require the 1 × 2 matrix (x′2(s0),−x′1(s0)) to have rank 1, which is always does
since |γ (s) γ ′(s)| = 1.
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M =
(
x′2(s0) −x′1(s0)
x′′2(s0)/2 −x′′1(s0)/2
)
to be non-singular. But this just says |M| = −κ(s0)/2 = 0 which is true since d′(s0) = d′′(s0) = 0.
Hence the conditions of an inﬁnitesimally (p)versal unfolding are automatically satisﬁed. 
Next, we consider the function
H˜ : I × S1 ×R−→R
given by
H˜(s,u, r) = H(s,u) − r = x1(s)u2 − x2(s)u1 − r,
where γ (s) = (x1(s), x2(s)) and u = (u1,u2).
Then we have the following proposition.
Proposition 3.5. If h(u0,r0) = H˜(s,u0, r0) has the Ak-singularity (k = 1,2) at s0 , then H˜ is the inﬁnitesimally versal unfolding
of h(u0,r0) .
Proof. Using the results of Proposition 3.2, the discriminant set of H˜ is
D±
H˜
=
{(
λ(s)γ ′(s), λ(s)
) ∈ S1 ×R ∣∣ λ(s) = ± 1√
(x′1(s))2 + (x′2(s))2
, s ∈ I
}
.
We only consider D+
H˜
. Deﬁne a map
Φ :R2 \ {0} −→ S1 ×R+
given by
Φ(x1, x2) =
((
x1√
x21 + x22
,
x2√
x21 + x22
)
,
1√
x21 + x22
)
,
where R+ is the set of all positive real numbers. It is clear that Φ is a diffeomorphism and Φ(Image(γ ′)) =D+H˜ .
We now deﬁne a family of functions
F : I ×R2 −→R
given by
F (s, y1, y2) = x1(s) sin y1 − x2(s) cos y1 − y2.
This is considered as a local representation of H˜ . We may use F instead of H˜ . Thus we consider the 1-jet of ∂ F
∂ yi
(s, y) with
constant term, then we have
∂ F
∂ y1
(s0, y0) + j1
(
∂ F
∂ y1
(s, y0)
)
(s0) = x1(s0) cos y01 + x2(s0) sin y01 +
(−x′1(s0) sin y01 + x′2(s0) cos y01)s,
∂ F
∂ y2
(s0, y0) + j1
(
∂ F
∂ y2
(s, y0)
)
(s0) = −1,
where y0 = (y01, y02).
The condition for an inﬁnitesimally versal unfolding is also as follows:
(1) When f = F (s, y0) has A1-singularity at s0, we require the 1× 2 matrix(
x1(s0) cos y
0
1 + x2(s0) sin y01 − 1
)
to have rank 1, which is always does.
(2) When f has A2-singularity at s0, we require the 2× 2 matrix(
x1(s0) cos y01 + x2(s0) sin y01 −1
−x′1(s0) sin y01 + x′2(s0) cos y01 0
)
to be non-singular.
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(cos y1, sin y1) = ± 1√
(x′1(s))2 + (x′2(s))2
(
x′1(s), x′2(s)
)
when s0 is corresponding to ((cos y01, sin y
0
1), y
0
2) ∈D±F , so that −x′1(s0) sin y01 + x′2(s0) cos y01 = ±
√
(x′1(s0))2 + (x′2(s0))2 = 0.
This means that the above matrix is non-singular. So the inﬁnitesimally versal conditions are automatically satisﬁed. 
By the above propositions (Proposition 3.3, Proposition 3.4 and Proposition 3.5), we have Theorem 2.5.
We give another proof of Theorem 2.5 in Section 4.
4. Interpretations of the pre-curves
Let γ : I −→ R2 be a non-degenerate curve. We now consider the pre-curve of γ . It is deﬁned by Γ (s) = ∫ ss1 γ (μ)dμ,
where s1 ∈ I . The non-degenerate curve γ has the property |γ (s) γ ′(s)| = 1. So Γ has the property∣∣Γ ′(s) Γ ′′(s)∣∣= 1.
This property means that the ec arc-length parameter s of γ is the equi-aﬃne arc-length parameter of Γ . For the pre-curve
of γ , we can consider some notions of the equi-aﬃne differential geometry, that is, the equi-aﬃne curvature κa(s), the
equi-aﬃne evolute Γ (s) + Γ ′′(s)/κa(s), the equi-aﬃne normal curve Γ ′′(s) and so on.
An ordinary equi-aﬃne vertex (respectively, an ordinary equi-aﬃne inﬂexion) is deﬁned by a stationary point (respec-
tively, a zero point) of the equi-aﬃne curvature. Then we have the following proposition for the pre-curve of γ by [3].
Proposition 4.1. ([3]) An open dense set of Γ : S1 −→ R2 have only ﬁnitely many ordinary aﬃne inﬂexions and ordinary aﬃne
vertices, and no higher aﬃne inﬂexions or higher aﬃne vertices. Thus these properties are generic.
Moreover, we have the following theorem for the pre-curve of γ by [5].
Theorem 4.2. ([5]) Let Γ : S1 −→ R2 be a smooth curve without inﬂexions satisfying generic conditions (see Proposition 4.1). Then
we have:
(1) Let p be a point of the equi-aﬃne evolute of Γ at s0 , then locally at p, the equi-aﬃne evolute is
(a) diffeomorphic to a line in R2 if the point Γ (s0) is not an equi-aﬃne vertex of Γ ;
(b) diffeomorphic to an ordinary cusp in R2 if the point Γ (s0) is an ordinary equi-aﬃne vertex of Γ .
(2) Let p be a point of the equi-aﬃne normal curve of Γ at s0 . Then, locally at p, the equi-aﬃne normal curve is
(a) diffeomorphic to a line in R2 if the point Γ (s0) is not an equi-aﬃne inﬂexion of Γ ;
(b) diffeomorphic to an ordinary cusp in R2 if the point Γ (s0) is an ordinary equi-aﬃne inﬂexion of Γ .
The equi-aﬃne curvature of Γ coincides with the ec curvature of γ by κa(s) = |Γ ′′(s) Γ ′′′(s)| = |γ ′(s) γ ′′(s)| = κ(s).
Thus we have the following lemma.
Lemma 4.3. An equi-aﬃne vertex (respectively, equi-aﬃne inﬂexion) of Γ at s0 corresponds to an ec vertex (respectively, inﬂexion)
of γ at s0 .
When Γ has an equi-aﬃne vertex (respectively, equi-aﬃne inﬂexion) at s0, then γ has an ec vertex (respectively,
inﬂexion) at s0. And furthermore, the equi-aﬃne evolute of Γ also coincides with the aﬃne pre-evolute of γ by
Γ (s) + Γ ′′(s)/κa(s) = Γ (s) + γ ′(s)/κ(s). From the deﬁnition of the pre-curve of γ , the equi-aﬃne normal curve of Γ
also coincides with the curve γ ′(s).
Therefore, applying Lemma 4.3 and the above results to Theorem 4.2 (respectively, Proposition 4.1), Theorem 2.5 (respec-
tively, Proposition 2.4) holds. This is another proof of Theorem 2.5.
Next, we consider bifurcations of ec vertices. We say that the point Γ (s0) of the curve Γ is an equi-aﬃne vertex of order
k − 1 if κ ′a(s0) = κ ′′a (s0) = · · · = κ(k−1)a (s0) = 0 and κ(k)a (s0) = 0. Then we have the following proposition by [6].
Proposition 4.4. ([6]) When the parameter passes the bifurcation value two equi-aﬃne vertices of order 1 collapse into one of order 2
and then disappear. Similarly, two vertices of order 1 can appear by the reverse process.
Now we deﬁne the order of an ec vertex in a similar way to the order of an equi-aﬃne vertex. We say that the point
γ (s0) of γ is an ec vertex of order k − 1 if κ ′(s0) = κ ′′(s0) = · · · = κ(k−1)(s0) = 0 and κ(k)(s0) = 0. Applying Lemma 4.3 to
Proposition 4.4, we have the following.
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Proposition 4.5. When the parameter passes the bifurcation value two ec vertices of order 1 collapse into one of order 2 and then
disappear. Similarly, two vertices of order 1 can appear by the reverse process.
Example 4.6. The situation described in Proposition 4.5 is depicted as follows (Fig. 2). We consider the curve γα(t) = ((1+
cos t)/2+α, sin t√6+ 2cos t/4). We draw aﬃne pre-evolutes of γα for the parameter values α = 0.41,0.42,0.43,0.44,0.45
and 0.46.
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